ON ASYMPTOTIC STABILITY IN ENERGY 
SPACE OF GROUND STATES OF NLS IN 2D 



SCIPIO CUCCAGNA AND MiRKO TARULLI 



Abstract. We transpose work by K.Yajima and by T.Mizumachi to prove dispersive 
and smoothing estimates for dispersive solutions of the linearization at a ground state 
of a Nonlinear Schrodinger equation (NLS) in 2D. As an application we extend to 
dimension 2D a result on asymptotic stability of ground states of NLS proved in the 
literature for all dimensions different from 2. 



§1 Introduction 
We consider even solutions of a NLS 

(1.1) iut +Au + I3{\uf)u = , (t, x) G M X , m(0, x) = uo{x) 

We assume: 
(HI) /3(0) = 0, /3 G C°°(M,M); 

(H2) there exists a, po G (1, oo) such that for every /c = 0, 1, 



jk 



< \v\P°-''-^ if \v\ > 1; 



(H3) there exists an open interval O such that Au — uu + (3{u^)u = admits a 

C^-family of ground states (f>uj{x) for uj E O; 
m >0 for uEO. 

(H5) Let L+ = -A+uj-(3{(/}l)-2(3'{(j)l)(j)l be the operator whose domain is H^^a{R'^). 
We assume that L_|_ has exactly one negative eigenvalue. 

By [ShS] the uo ^ (p^ e H^{R) is and by [Wl,GSSl-2] (H4-5) yields orbital 
stability of the ground state e^'^*4>i^{x). Here we investigate asymptotic stability. 
We need some additional hypotheses. 
(H6) For any x G M, uq{x) = uo{~x). That is, the initial data uq of (1.1) are even. 
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Typeset by Am^-T^ 



Consider the Pauli matrices aj and the hnearization given by: 



(1.2) 





11 


1" 




11 i" 




"1 " 


(7l 


1 





,(T2 


-i 




-1 



Then we assume: 

(H7) Let H^^ be the hnearized operator around e'^^'^4>uj, see (1.2). H^^ has a positive 
simple eigenvalue A(a;) for uj e O. There exists an N e N such that NX{iuj) < u < 
iN + l)X{u;). 

(H8) The Fermi Golden Rule (FGR) holds (see Hypothesis 4.2 in Section 4). 
(H9) The point spectrum of consists of and ±A(a;). The points ±a; are not 
resonances. 

Then we prove: 

Theorem 1.1. Let luq E O and (f)^^^ (x) be a ground state in a family of ground states 
(f)uj. Let u{t,x) he a solution to (1.1). Assume (H1)-(H9) . In particular assume 
the (FGR) in Hypothesis 4.2. Then, if (1.1) is generic, there exist an to > and a 
C > such that for any e G (0, eo) and for any uq with \\uo — e'^'*°4>ojo\\H^ < ^i there 
exist u!+ & O, 9 & C^(M.;'R) and hoo £ with \\hoo\\m + — <^o| < Ce such that 

lim \\u{t, ■) - e*^W0a;+ - e^'^hooWm = 0. 

Theorem 1.1 is the two dimensional version of Theorem 1.1 [CM]. The one di- 
mensional version is in [Cu3] . We recall that results of the sort discussed here were 
pioneered by Soffer & Weinstein [SWl] , see also [PW] , followed by Buslaev & Perel- 
man [BPl-2], about 15 years ago. In this decade these early works were followed by 
a number of results [BS,Cul-2,GNT,Ml,CZ,M2,P,RSS,SWl-3,TYl-3,Wdl]. It was 
heuristically understood that the rate of the leaking of energy from the so called 
"internal modes" into radiation, is small and decreasing when N increases, produc- 
ing technical difficulties in the closure of the nonlinear estimates. For this reason 
prior to Gang Zhou & Sigal [GS], the literature treated only the case when = 1 
in (H6). [GS] sheds light for > 1. The results in [GS] deal with all spatial di- 
mensions different from 2 under the so called Fermi Golden Rule (FGR) hypothesis. 
[CM,Cu3] strengthen [GS] by considering initial data in H^, by showing that the 
(FGR) hypothesis is a consequence of what looks generic condition. Hypothesis 4.2 
below, if (H8) is assumed. [CM] treats also the case when there are many eigen- 
values and Hypothesis 4.2 is replaced by a more stringent hypothesis which is a 
natural generalization of the (FGR) hypothesis in [GS] . The same result with many 
eigenvalues case can be proved also here and in [Cu3] , but we skip for simplicity the 
proof. We recall that Mizumachi [Ml], resp. [M2], extends to dimension 1, resp 2, 
the results in [GNT] valid for small solitons obtained by by bifurcation from ground 
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states of a linear equation, while [CZ] extends in 2D the result in [SW2]. [Cu3] 
transposes [Ml] to the case of large solitons, with the generalizations contained in 
[CM]. Here we consider the case of dimension 2. Thanks to the work by [M2], it is 
quite clear how to transpose to dimension 2 the higher dimensional arguments in 
[CM]. The nonlinear arguments in [CM] are not sensitive to the dimension except 
for the lack in 2D of the endpoint Stricharz estimate. Mizumachi [M2] shows how 
to replace it with an appropriate smoothing estimate of Kato type. The estimate 
and its proof are suggested by [M2]. In order to complete the proof of Theorem 1.1 
we need some dispersive estimates on the linearization ff^^ which in spatial dimen- 
sion 2 are not yet proved in the literature. The main technical task of this paper 
is the transposition to H^^ of the proof of of boundedness of wave operators of 
Schrodinger operators in dimension 2 due to Yajima [Y2]. We use the following 
notation. We set Hq{uj) = as (—A + uj); given normed spaces X and Y we denote 
by B{X, Y) the space of operators from X to Y and given L e B{X, Y) we denote 
by or by ||i^||B(x,y) its norm. We prove: 

Proposition 1.2. Assume the hypotheses of Theorem 1.1. The following limits are 
well defined isomorphism, inverse of each other: 

Wu = lim e**^-e-*^^°('^)'u for any u e 

Zu = lim e**^°('^)e-**^- for any u e L^(if^) (defined in%2). 

t— >+oo 

For any p e (1, oo) and any k the restrictions ofW and Z to l? flVF'^'^ extend into 
operators such that for C{uj) < oo semicontinuous in u) 



\W\ 



\wk'P{M?),wi'^{H^) + \\'^\\wi'''{H^),Wk'P{M?) < ^i^) 



With W^'P{H^) the closure in W'''P{R'^) of W'''P{R^) H LI{H^). 
We wiU set L^-* and H""'^ 

\\u\\l2,'' — \\{x)^u\\l2(^-^2^ and = || (x)''w||/fr, 

where m G N, s G M and (x) = (1 + For f{x) and g{x) column vectors, 

their inner product is (/, (7) = J^2^f{x) ■ g{x)dx. The adjoint H* is defined by 
{Hf,g) — {f,H*g). Given an operator H, its resolvent is Rh{z) — {H — z)~^. 
We will write Ro{z) = (-A - z)-^. We write \\g{t,x)\\LPLg = \\\\g{t,x)\\Lg\\LP and 
Mt,x)\\L^^Ll'^ = \\\\9{t,x)\\^2,s\\LP 

§2 Linearization, modulation and set up 

We will use the following classical result, [Wel,GSSl-2], see also [Cu3]: 

3 



Theorem 2.1. Suppose that e*'^*(^^(a;) satisfies (H4). Then 3 e > and a Ao{lij) > 
such that for any \\u{0,x) — (f)u!\\m < ^ we have for the corresponding solution 
mf{\\u{t,x) - e'^(t)^{x - xo)\\m(x€R^) : 7 e K&xq G M} < Ao{u;)e. 

We can write the ansatz u(t,x) = e*®(*)(0t^(t)(a;) + r(t,x)) , Q(t) = jQOj(s)ds + 
7(t). Inserting the ansatz into the equation we get 

in = -r:cx + uj{t)r - f3{(t>l^t))r - ^' {(t)li^t))^\tf 

We set *i? = (r, f), = {4>^^^ 4)^1) and we rewrite the above equation as 

(2.1) iRt = H^R + az^R + (737^ - iCod^^ + 0{R^). 

Set Hq{uj) = as{—d'^/dx'^ +00) and V{u) = — Hq{ijj). The essential spectrum is 

(Je = (7e{H^) = <Te(-ffo(<^)) = ("OO, -w] U [w, +Oo). 

is an isolated eigenvalue. Given an operator L we set Ng{L) = Dj>i ker(L-'). [We2] 
implies that, if {■} means span, Ng{H*) = {$, a^doj^}. X{uj) has corresponding real 
eigenvector ^{uj), which can be normalized so that {Cc^sO = 1- '^iCi'^) generates 
ker(if^ + A(w)) . The function {uj,x) e O xR^ ^ii^,x) is C^; < ce""!^! 

for fixed c > and a>0ifu;EKcO,K compact, ^{u, x) is even in x since by 
assumption we are restricting ourselves in the category of such functions. We have 
the invariant Jordan block decomposition 

L2 = Ng{H^) ® ( ± ker(i?, ^ A(a;))) © Ll{H^) = Ng{H^) © N^iK) 
where we set Ll{H^) = {Ng{H*) © ©± ker{H* if A(a;))}^ . We can impose 

(2.2) R{t) = {zC + zaiC)+f{t) e [J2^er{H^^t)TX{com]®Ll{H^^t)). 

± 

The following claim admits an elementary proof which we skip: 

Lemma 2.2. There is a Taylor expansion at R = of the nonlinearity 0{R?) in 
(2.1) with Rm,n{'^,x) and Am,n{i-^,x) real vectors and matrices rapidly decreasing 
m x: 0{R'^) = 

J2 RmA^)z'^^+ E ^-^-A^,Ju;)/ + 0(/2 + |^|2A'+2). 

2<m+n<2N+l l<m+n<N 
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In terms of the frame in (2.2) and the expansion in Lemma 2.2, (2.1) becomes 

ift = (H^it) + / + (737$(a;) - iud^^it) + {zX{u) - ii)^(w) 
- {zX{io) + iz)ai^{uj) + (Jr^'^{zi + zaii) - iuj{zd^^ + zaid^^) 
^2-3) + Yl z^z^RmA^)+ Yl z^z^A,nA'^)f+ 

2<m+n<2N+l l<m+n<N 
+ 0{f)+Oioc{\z'''+'\) 

where by Oioc we mean that the there is a factor x(^) rapidly decaying to as 
\x\ 00. By taking inner product of the equation with generators of Ng{H*) and 
ker(iy^ — A) we obtain modulation and discrete modes equations: 



m+n=2 



N 



(2.4) +{a3i + iu;d^Pc+ Yl z^z^Am,n{^))f + 0{f) + Oioc{\z^''+^\),^) 

m+n=l 

7 ' = ( same as above , aso^^) 
du! 

iz — \{u})z = { same as above , (73^). 

§3 Spacetime estimates for 

We need analogues of Lemmas 2.1-3 and Corollary 2.1 in [M2]. We call admissible 
all pairs {p,q) with 1/p = 1/2 — 1/q and 2 < g < 00. We set {p',q') — {p/{p — 
^)-iQ/{q ~ 1))- In the lemmas below we assume that the of the form (1.2) for 
which hypotheses (H3-5), (H7) and (H9) hold. 

Lemma 3.1 (Strichartz estimate). There exists a positive number C = C{(jj) 
upper semicontinuous in 00 such that for any k G [0, 2] : 

(a) for any f e -t'c(<^) c-iT'd any admissible all pairs {p, q), 

\K''''''f\\L^^W.^^^<C\\f\U. 

(b) for any g{t,x) e 5'(R^) and any couple of admissible pairs {pi,qi) (^2,92) we 
have 



f e-^^'-^^''-P,{oj)g{s,-)ds\\^.,^..,,<C\\g\\ 
Jo ^* -f-f 



Lemma 3.1 follows immediately from Proposition 1.2 since W and Z intertwine 
e-itH^P^{H^) and e''^^^ . 



Lemma 3.2. Let s > 1. 3 C = C{uj) upper semicontinuous in uj such that: 
(a) for any f e S{R^), 



(b) for any g{t,x) e S{R^) 



e''''-P,{aj)g{t,-)dt 



< C\\g\\^Li 



Notice that (b) follows from (a) by duality. 
Lemma 3.3. Let s > 1. 3 C — C{u) as above such that V g{t,x) G <S'(M^) and 



t e 



f e-i(t-s)H^P^^^)g(^s,-)ds 
Jo 



<C\\g\\ 



2r2,s. 



As a corollary from Christ and Kiselev [CK], Lemmas 3.2 and 3.3 imply: 

Lemma 3.4. Let {p, q) be an admissible pair and let s > 1. 3 C — C{uj) as above 
such that V g{t, x) E S(M.^) and t e K; 



f e-'^^-'^"-P{u)g{s,-)ds 
Jo 



<C\\g\ 



LiL 



Lemma 3.5. Consider the diagonal matrices Ej^ = diag{l,0) = diagiQ, 1). Set 
P±{oj) — Z{uj)E±W{u3) with Z[(jj) and W{uj) the wave operators associated to H^. 
Then we have for u e L'^{H^^) 



1 

P+{lo)u = lim -— lim / [Rh^ (A + ie) — Rh^ (A — ie)] udX 
P_ {uj)u = lim — : lim / [Rh^ (A + ie) — Rr^ (A — ie)] udX 

e— >0+ 27ri M— >+oo 7-M 



(1) 



and for any si and S2 and for C = C{si, S2, (^) upper semicontinuous in u, we have 
(2) ||(P+(a;) - P_(a;) - Pc{u^)<J^)f\W., < 



Proof. Formulas (1) hold with P±{u>) replaced by E± and H^^ replaced by Hq 
and for any u e L^(M^). Applying W{u!) we get (1) for H^^. Estimate (2) follows by 
the proof of inequality (3) in Lemma 5.12 [Cu3] which is valid for all dimensions. 
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§4 Proof of Theorem 1.1 
We restate Theorem 1.1 in a more precise form: 
Theorem 4.1. Under the assumptions of Theorem 1.1 we can express 

2N 

u{t, x) = e^®W {<P.,it){x) + ^Pj{z, z)Aj{x,uj{t)) + h{t, x)) 

with pj{z,z) = 0{z) near 0, with limt^+oo '^(^) convergent, with \Aj{x,u){t))\ < 
Ce""!^! for fixed C > and a > 0, Umt^+oo — 0, and for fixed C > 



(1) lk(*)lr;2lv+2 + \\h{t,x)\\^o.JJ,^^,^^,e < Ce. 

Furthermore, there exists hoo G H^(M.,C) such that 

(2) hm \\e'^o^^')ds+nit)h(t^ _ e'^^h^Wni = 0. 



The proof of Theorem 4.1 consists in a normal forms expansion and in the closure 
of sonic nonlinear estimates. The normal forms expansion is exactly the same of 
[CM,Cu3], in turn adaptations of [GS]. 

§4.1 Normal form expansion 

We repeat [CM]. We pick A; = 1, 2, ...N and set / = for /c = 1. The other fk 
are defined below. In the ODE's there will be error terms of the form 

EoDEik) = 0(|^|2^+2) + 0(^^+Vfe) + 0{fl) + 0{P{\fkf)f,). 

In the PDE's there will be error terms of the form 

EpDEik) = 0^,e(|^r+') + Oiocizfk) + Oiocifi) + 0{P{\fk\^)fk). 

In the right hand sides of the equations (2.3-4) we substitute 7 and oj using the 
modulation equations. We repeat the procedure a suflBcient number of times until 
we can write for /c = 1 and /i = / 

7|| , ||2 2iV+l N 

E ^"^^'^A«nM+ E z-z-Ai^l{u;)fk + EoDE{k),^{u;)) 

m+n=2 m+n=l 

iz — Xz ={ same as above , (73^(0;)) 

idtfk = {H^ + otst) fk + EpDEik) + E z^z^Rl^^liu), 

k+l<m+n<N+l 
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with Am'n, Rrn,n and Am,n{<^, x) real exponentially decreasing to for \x\ oo and 
continuous in {co, x). Exploiting |(m — n)A(a;)| < a; for m + n < A?", m > 0, n > 0, 
we define inductively fk with k < N by 

fk-i = - Yl z-^z^RHAim-n)X{u))Ri^^-'\uj)+h. 

m+n=k 

Notice that if Rm,n \uj, x) is real exponentially decreasing to for \x\ — > oo, the 
same is true for RH^{{m — n)X{uj))Rm^n\u) by |(m — n)X{u)\ < u>. By induction 
fk solves the above equation with the above notifications. Now we manipulate the 
equation for /jv- We fix uji = a;(0). We write 

idtP^MfN - {H^, + (7 + a; -a;i)(P+(a;i) - P_(a;i))} Pe(c^i)/iv = 
(4-1) +PcMEpnE{N)+ Yl 

m+n=N+l 

where we split Pc{uji) — P+{uJi) + P-{uJi) with P±{u!i), see Lemma 3.5, where 

P_i_(a;i) are the projections in (7c{H^-^) fl {A : ±A > uji} and with 

(4.2) 

m+n=N+l 

if{t, x) := (7 + a; - {Pc{ui)as - (P+(a;i) - P-(a;i))) Jn + {V{u;) - V{u;i)) /n 

+ {^+U-U)i) {Pc{(^) - -Pc('^l)) CTsIn- 

By Lemma 3.5 for Cjv('^i) upper semicontinuous in a;o, V A?" we have 

\\{xf{P+{u;,) - P_(a;i) - P4u;,)as)fhi < C^(a;i)||(x)-^/|U.. 
The term ip(t, x) in (4.2) can be treated as a small cutoff function. We write 

(4.4) f^ = - Y z^^''RH^A{rn-n)X{u^)+iO)PcMRl^l{uj,) + fM+i. 

m+n=N+l 

Then 

idtPcMfN+l = {H^, + + U - iVl){P+M - P-{iVl)))PcMfN+l + 

(4.5) + J2 0{e\z\''+')RH^^ {±{N + l)X{u;,) + iO)R±{uj,) + PcMEpnE{N) 

± 

with R+ = and R_ = 4^+^ and Epde{N) = Epde{N) + Oioc{ez''+^), 

where we have used that (a; — a;o) = 0(e) by Theorem 2.1. Notice that Rh^ {±{N + 
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l)A(a;o) + iO)R±{coo) e L°° do not decay spatially. In the ODE's with A; = iV, by 
the standard theory of normal forms and following the idea in Proposition 4.1 [BS], 
see [CM] for details, it is possible to introduce new unknowns 

LV = U) + q{uj,Z,z) + ^ z'^z'^{fN,amn{i^)), 
(4.6) ^ l<m+n<N 

Z = Z + p{uj,Z,z)+ J2 Z^Z^{fN,f3mn{0j)), 
l<m+n<N 

with p{u, z, z) = '^Pm,n{^)z"^^^ cind q{z,z) = ^ gm,n('^)^™'^"' polynomials in 
{z,z) with real coefficients and 0(|2;p) near 0, such that we get 

iu = {Epde{N), $) 

iz-\{uj)z= am{uj)\^\''z + {EoDE{N),(Tz^)+ 

l<m<N 

with ttmii^) real. Next step is to substitute /iv using (4.4). After eliminating by 
a new change of variables z = z + p{lo, z, z) the resonant terms, with p{u>, z, z) = 
J2Pm,n{'jj)z'^z'^ a polynomial in {z,z) with real coefficients 0(|2;p) near 0, we get 



(4.8) 



iQ = {Epde{N),^) 

i^-X{u;)z= Yl a,n{u^)\I^\''z + {EoDE{N),asO- 

l<m<N 

- \z''\^z{A^^j^{u)Rh^^, {{N + l)X{ui) + ^0)Pe(a;o)^^S^^^l,o(^l), ^sO 
+ r(4^^(a;)W,a30 



with a^, Aq^jI and -R^i q real. By = PV^ + i7i5Q{x) and by an elementary 
use of the wave operators, we can denote by r(c<;,a;o) the quantity 

r(a;,a;i) = 9 ((lf^(a;)i?H., ((N + 1)XM + zO)Pe(a;i)i?Sf+i,o(^i)^3e(c^))) 
= 7r(l^^^(u;)5(if^, - (N + l)Xiu;i))P,{u;i)R^^l,^,{u;i)asau^)). 
Now we assume the following: 

Hypothesis 4.2. There is a fixed constant F > such that |r(a;,a;)| > F. 

By continuity and by Hypothesis 4.2 we can assume |r(a;, a;i)| > T/2. Then we 
write 
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§4.2 Nonlinear estimates 



By an elementary continuation argument, the following a priori estimates imply 
inequality (1) in Theorem 4.1, so to prove (1) we focus on: 

Lemma 4.3. There are fixed constants Cq and Ci and eo > such that for any 
< e < eo if we have 

(4.10) 11^11^2^+2 < 2Coe & ||/jv|| ^po <2Cie 
then we obtain the improved inequalities 

(4.11) ll/ivll jv^ <Cie, 

(4.12) ||^||f2V+2 < Coe. 

Proof. Set £{t) := 7 + a; — wi. First of all, we have: 

Lemma 4.4. Let g{0,x) G fl L^(u;i) and let u(t) be a continuous function. 
Consider igt = {H^^ + i{t){P+{uo) - P_(wo))} g + Pc{^i)F. Then for a fixed C = 
C{u!i, s) upper semicontinuous in uji and s > 1 we have 

Wall _ ^ <C'(ll^(0,a;)lki + ||i^||rijfi+L2j^i.O- 

Lemma 4.4 follows easily from Lemmas 3.1-4 and P±{(jJi)g{t) = 

j-t 

= e-^*^-ie-^^o^Md^p±(a;i)^(0) -z / e-^^*-*)-^-ie^^^=*^(^)'^^P±(a;i)F(s)ds 

Jo 

Lemma 4.5. Consider equation (4-1) for fN and assume (4-- 10). Then we can 
split Epde{N) = X + 0{f%) + 0(/^") such that \\X\\^2h^,m < for any fixed M 

and\\0{f%)+0{f^^^)U.Hi<^'- 

Proof of Lemma 4-5. In the error terms for k = N at the beginning of §4.1 we 
can write Epde{N) = 

0{e)i;{x)fM + 0^,e(|^r+') + OUzf^) + OioM) + 0{f%) + 0(/^°) 
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with ip{x) a rapidly decreasing function, pq the exponent in (H2) and with 0{f^) 
relevant only for po > 3. Denoting X the sum of all terms except the last one, 
setting / = /at, by (4.10) we have: : 



(1) ||0(6)V'(x)/||^.^i,M < e||/||^.^i,-M < 6^; 



< ^2. 



(2) \\Oioc{zf)\\^jji,M < \\z\^oo\ 

(3) \\OlociP)\\^Hl''^' ~ " ^"^ 

This yields \\{x)^ X\\hil^ < e^. To bound the remaining term observe: 



< f 2 

t2tt1,~M fc • 



(4) III/IVIIl|hi< 

(5) iio(ro)|| < 



1/6 



< 



< 



1,6 ,C t , 



2P0 



Po-1 



< 



6^°, where in the last step we use 



2P0 



< 



2P0 



r PQ-l r 2po 



1-a 



1 for 



some 0<Q;<lbypo>3, interpolation and Sobolev embedding. 

Proof of (4-11)- Recall that /at satisfies equation (4.1) whose right hand side 
is Pc{uji)Epde{N) + Oioc{z^^^)- In addition to Lemma 4.5 we have the estimate 
\\Oioc{z^~^^)\\T2rri,M < \\ zW^^J'.f.i < 2Coe. So by Lemmas 3.1-4, for some fixed C2 we 

get schematically 



II/. 



N\ 



< 2c2Coe + e + 0(e2) 



where e comes from initial data, 0{e^) from all the nonlinear terms save for the 
R^,n{u}o)z'^z'^ terms which contribute the 2c2Coe. Let now fN=g + h with 

igt = {H^, + miP+M - P-M)}9 + X + Oioc{z^+^) , g{0) = f^iO) 
iht = {H^^ + m{P+M - P-M)} h + 0{f%) + 0(/^°) , h{Q) = 

in the notation of Lemma 4.5. Then, by Lemmas 3.2 and 3.3 and by the estimates 
in Lemma 4.5 we get ||^||^2j:ji,-s < 2Coe + 0{e^) + coe for a fixed cq. Finally, 

poo 

I ||e-^(*-^)^-e±^/*^M'^-(0(/|,) + 0(/^°))(.)|U.Hi,-^ 



< 



ll(0(/lr) + 0(/^°))(«)||Hi<6^ 



So if we set Ci 2Co + cq + 1 we obtain (4.11). We need to bound Cq. 
Proof of (4.12). We first need: 
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Lemma 4.6. We can decompose /jv+i = /ii + /i2 + ^3 + ^4 with for a fixed large 
M > 0; 

(1) ||/li||^.^2.M <0(e2); 

(2) ||/i2||iJ^I,M <0(e2); 

(3) \\hs\\^l^.,M <Oie^y, 

(4) \\h4\\]^2]^2,M < c{u)i)e for a fixed c{uji) upper semicontinuous in wi. 
Proof of Lemma 4- 6- We set 

idthi = {H^,+i{t){P+-P_.))h^ 

/ii(O) = Yl ^^^1 ((™ - ''^^M + ^0)i^L';;l('^l)^'"(0)^"(0). 

m+n=N+l 

< c(a;i)|^(0)|2^||i?S(^i)llL^.- = 0(62) by the following 



We get \\h 
lemma: 



Lemma 4.7. There is a fixed sq such that for s > sq, 
(4.13) 



RH^{A + iO)P^{u;)ifL2ri,-s < Cs{A,u;)\Mx)\\r2, 



f e-'^'-^'-^^RH^ (A + i{))Pc{u)g{T)dT 
Jo 



2r.2, 



<Cs{A,uj)\\g{t,x)\\L.L2 



LiL 



with Cs(A,a;) upper semicontinuous in uj and in A > uj. 

Let us assume Lemma 4.7 for the moment, for the proof see §9. We set /i2(0) = 
and 

idth2 = [H^, + m{P+ P-)) h2+ 
+ 0(e^^+i)i?H.., ((iV + l)A(c.;i) + iO)R^^l,^^iuo) 
+ 0{ez''+')RH^^ {-{N + l)A(a;i) + zO)<^+i(a;i). 
Then we have h2 = /i2i + ^22 with h2j = X]± ^2j± with h2i±{t) = 



I' e-^^-i(*-«)e±^/«*^(^)'^^P±0(e^^+i)i?jj^^ {{N + l)A(a;i) + imNli o^d^ 
Jo 

and /i22± defined similarly but with Rh^^{—{N + l)A(a;i) + iO)i?Q^_|_j^ . Now by 
(4.13) we get 

\\h2j±{t)h.Ll,-M <Ce\\z\\%\ 



and so ||/i2(i)||^2^2,-Af = O(e^). Let /i3(0) = and 
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idtPc{uJi)h3 = {H^, + £{t){P+{u;i) - P-(a;i))) Pc^hs + Pc{uji)Epde{N). 



Then by the argument in the proof of (4.11) we get claim (3). FinaUy let /i4(0) = 
/Ar(0) and 

idtPcMh^ = {H^,+e{t){P+{u;^) - P_(a;i)))Pe(c^i)/i4. 
Then by Lemma 3.2 \\{x)-^h4L2^ < ||/iv(0)||L| < c(c^i)e we get (4). 

Continuation of proof of Lemma 4-3- Wc integrate (4.9) in time. Then by 
Theorem 2.1 and by Lemma 4.4 we get, for Aq an upper bound of the constants 
AQ{io) of Theorem 2.1, 

ll^fA'^ < Aoe' + e\\z\\^+\, + oie'). 

Then we can pick Cq = {Aq + 1) and this proves that (4.10) implies (4.12). Fur- 
thermore z{t) ^ by ■^z{t) = 0(e). 

As in [CM,Cu3] in the above argument we did not use the sign of r(u;, loq). With 
the same argument in [CM,Cu3] one can prove 

Corollary 4.8. If Hypothesis 4-2 holds, then r(a;,a;) > F. 



The proof that, for ^ fN{t) — {h{t), h{t)), h{t) is asymptotically free for t — > oo, 
is similar to the analogous one in [CM] and we skip it. 

§5 Limiting absorption principle and theory for H^^ 

In sections §5- §7 we prove Proposition 1.2. We start emphasizing two conse- 
quences of hypothesis (H9), in particular (b) clarifies the absence of resonance at 
±u: 

(a) H^^ has no eigenvalues in [a;, -|-oo) U (— cxo, — cj]; 

(b) Sig e W^^^{B?, C^) satisfies H^g = cvg or H^g = -ug then g = 0. 

Because of the fact that H^^ is not a symmetric operator, we need some prepara- 
tory work to show that in fact H^^ is diagonalizable in the continuous spectrum. 
This work is done in §5 which ends with a formula for the wave operator W which 
is the basis to develop in §6-7 a transposition of the work of Yajima [Y2]. 

We first need a preliminary on Schrodinger operators. We will denote by q{x) a 
real valued function with: q{x) > with q{x) > at some points; q{x) e Cq°(]R^). 
We set hq = —A -|- q{x). Then we have: 
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Lemma 5.1. Let C_|_ = {z E C : ^z > 0}. Suppose q{x) = for r > ro > 0. Then 

we have the following facts. 

(1) There exists sq > and Cq > such that for s > sq, Rhg{z) extends into a 
function z ^ Rt^{z) which is in (L°° n C°)(C7, ^(L^'^ -^)) . 

(2) For any no G N there exists sq > such that for any oq > there is a choice of 
C > such that for n < no 

< Co(z)-^(i+") V ^ e C^n : 1^1 > ao}. 

(3) The same argument can he repeated for C_ = {2; e C : '^sz < 0} and R^^{z). 

Claim (2) follows from [Ag] and [JK] and claim (3) follows along the lines of 
the previous two claims. In view of (2), it is enough to prove (1) for z ^ 0. For 
( = re*^ with 6 e (-7r,7r) let = ^/re*^/^. With this convention for z ^ [0,oo) 
for Ro{z) = (—A — z)~^ we have 

^o(^) = —Ko{^/^\x\)* = -H+{i^/^\x\)* = --H^ {-i^/^\x\)* 

for the Macdonald function Kq and the Hankel functions . We set Go = 
— ^ log |a;|*, Pq/ = J^2 fdx. We have for M(z) = (1 + ^/qRoiz)^) the identity 

(4) Rh^{z) = Ro{z) - Ro{z)^M-\z)^Ro{z). 

From the expansion at in C-|- of Hq and by the argument in Lemma 5 [Sc] we 
have in S(L^'*, L^'~'*), for s sufficiently large, 

(5) Ro{z)^c{z)Po-Go + 0{-zlogV^) 0(2) = 1 - ^ - i- log(V^/2). 

Consider the projections in L^(M^), P = ^/q{■J y/q) /WqHl'^ and Q = 1 — P. Let 
T = 1 + y^Go\/?- Then QTQ is invertible in QL^(E^). Denote its inverse in 
QL2(M2) by Do = (QTQ)-^. Consider the operator in = PL^ e QL^ defined by 




P -PTQDoQ 
-QDoQTP QDoQTPTQDoQ 



and h{z) = \\q\\Lic{z) + tr8ice{PTP - PTQDoQTP). Then by [Sc] 

Rh,{z) = Ro{z) - h-^{z)Ro{z)^S^Ro{z) 

(6) , 

- Ro{z)^QDoQy/^Ro{z) - Ro{z)^0{-z\og^/^)^Ro{z). 
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By direct computation 

h-\z)Ro{z)^S^Ro{z) = l)VqSVq{; 1) + ^i; 1)VqSVqGo+ 

+ ^GoVqSVq{; 1) + ^GoVqSVqGo + 0(-^log v^), 

where all terms, except the first on the right hand side, admit continuous extension 
in C+ at 0. We have (•, l)-s/qSy/q{-, 1) = ||g||Li-Po and so by (5) 

c^(z) 
h{z) 

admits continuous extension in C+ at 0. By direct computation 

Rq{z)^QDqQ^Rq{z) = Goy/qQDoQ^Go + 0{-z\ogV^ 

admits continuous extension in C+ at 0. So Rhg (z) admits continuous extension in 
C+ at 0, and so on all C+. 

A consequence of Lemma 5.1 is the hq smoothness in the sense of Kato [Ka] of 
multiplication operators involving rapidly decreasing functions ip: 

Lemma 5.2. Let t(j{x) G L°°(M^) n L^'''(M^) for s S> 1 and q as in Lemma 5.1. 
Then the multiplication operator V' is hq smooth, that is, for a fixed C > 

/ ||^i?ft^(A + ie)u\\ld\ < C\\u\\l for all u e L^iR^) and e ^ 0. 
Jr " 



This follows from one of the characterizations of H smoothness in the case H is 
selfadjoint, see Theorem 5.1 [Ka], specifically from the fact that by Lemma 5.1 we 
have that for ^/'i, i/'i G L°° fl L^'^ for s ^ 1 there is a number C > such that for 
all z ^M. we have HV'i-R/iq (^)'02||l2,l2 < C. 

We consider now Hq = as{—A + q + (jj) and consider our linearization H^. Write 
= Hq-\- (K; - (T's'?), and factorize - asq = B*A with A, B smooth \df^A{x)\ + 
\d!^B{x)\ < Ce~"l^l Vx, for some a, C > and for \/3\ < Nq, Nq sufficiently large. 
We have aiHq = —Hgai, aiH^ = —H^^ai. We choose the factorization B* A so 
that aiB* = —B*ai, aiA — Aai. By these equalities aiRHg{z) — —RHg{—z)ai 
and aiRH^{z) = —RH^{—z)ai, so in some of the estimates below it is enough to 
consider z G C++ with C++ = {z : Qz > 0, ^z > 0}. 

15 



Lemma 5.3. For z e C+ the function R^^{z) is well defined and satisfies the 

following properties: 

(1) There exists sq > and Co > such that for s > sq the function z —>■ {z) is 
in (L°° nC0)(C7,S(L2'^L2'-«)). 

(2) For any no G N there exists sq > such that for any ao > there is a choice of 
C > such that for n < uq and V 2; e C+ fl {z : dist{z, icj) > ao}, 

fin 

(3) For any ip{x) e L°°(]R^) fl L^'''(R^) for s » 1 t/ie multiplication operator ip is 
Hq smooth, that is, for a fixed C > 

/ IIV'^H.IA + ie)u\\ld\ < C\\u\\l for all u e L'^{R'^) and £ ^ 0. 
Jr 

(4) Analogous statements hold for z e C_ and the function R^^{z). 

Lemma 5.3 is a trivial consequence of Lemmas 5.1-2. The properties in Lemma 
5.4 are partially inherited by H^^. Let Q'^{z) = AR'jj^{z)B*. Then for z e C+ 

Lemma 5.4. Fix an exponentially decreasing bounded function For z e C+ the 
function ARh^{z)iI) extends into a function AR'^^{z)il) for z e C+\crd(iya;) with 

the following properties: 

(1) Vao>03Co>0 such that for — C-|- fl {z : dist{z, CdiH^)) > gq} 

(2) For any no G N there exists sq > such that for any ao > there is a choice of 
C > such that for n < uq and V 2; G Xa^ n {z : dist{z, ±a;) > ao}, 



AR% {z)iIj : L^{R^) L'\R^) 



-2/^^,2^ 



dz' 



<Co{z)-^ 



(3) There is a constant C > such that 

\ARh^{X + ie)u\\ldX < C\\u\\l for all u G Ll{H^) and e ^ 0. 



/ 



(4) Analogous statements hold for z G C_ and the function Rjj^ (z). 
Proof Let us write Q'^iz) = AR'jj^(z)B* and for z e C+ 

(5) ARhM = il + Q+{z))-'ARH,iz). 

By Lemma 5.3 we have lim;2^oo = 0. By analytic Fredholm theory 

1+Q'^{z) is not invertible only at the z G C+ where ker{l+Q'^{z)) 7^ 0. This set has 
measure in R. By Lemma 2.4 [CPV] if at some z 7^ ±0; we have ker{l+Q'^{z)) ^ 0, 
then z is an eigenvalue. By hypothesis there are no eigenvalues in ae{HS)- Hence 
we get claim (2). 
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Lemma 5.5. //ker(l + (3+(a;)) then there exists g e W^^°°{M?) with g 
such that H^g = ug 

Let us assume Lemma 5.5. By hypothesis such g does not exist. This yields 
(1). By (5), claim (4) Lemma 5.4 and Neumann expansion we get (4). Next, apply 
(5) to w G Lc{Hco)- ARh^{z)u is an analytic function in z with values in L^(R^) 
for z near any isolated eigenvalue zq of because the natural projection of u in 
Ng{H^^ — zq) is 0. Away from isolated eigenvalues of Hi^, {1 + Q'^{z))~^ is uniformly 
bounded. Hence (3) in Lemma 5.3 implies (3) in Lemma 5.4. 

Proof of Lemma 5.5. Let 7^ 5^ e ker(l + (^))- Then 

B*g + {y^-q)RHMB*9^^- 

Set g = Rn,-^ {^)B*g. Then Ag = -g and so £f 7^ 0. By + Rh^ {uj){V^ - q)g = {) we 
have g G Hf^^{M?) and H^g = ug. We want now to show that g G L°°(]R^), contrary 
to the hypotheses. We have ^g = ((71, (72) with (72 = (A — g — 2u)~^{B*g)2, where 
B*g G L2'^(R2) for any s, so g2 G H'^{R'^). We have gi = R+^{0){B*g)i with gi G 

L'^'~^{1S?) for sufficiently large s. We split L^'^'^* = L^'=^''©(L^'T'*)^ where L^'^"* are 
the radial functions and we are considering the standard pairing L^'* x L^'"* C 
given by J^2 f{x)g{x)dx. We decompose gi = gir + ginr with gir £ L'l'~^ and 
ginr e {Ll^')^. In (L2'-«)^ ^ (L^.-)^ we have i?+ (0) = G'o-G'o9(l+QG'ogQ)-^G'o 
with Q = 1 - P, for P = Pq^o, 9o = Cq^Q-, cq = 9<^a^5 Pqu = /j^a wc^a;. Then 

ginr = Go{B*g)inr - Goq{l + QGoqQ)-^Go{B*g)inr 
and by asymptotic expansion for ^ 00 we conclude that for some constants 



61X1 + b2X2 



\x 



for some e > 0. Finally we look ar gir. We can consider solutions </)(r) and 'ip{r) of 
hqU = with: (f)(0) — 1 and 0r(O) = 0; if>{ro) = 1 and \if>{r)\ bounded for r > tq, 
•0(ro) ~ clogr with c 7^ for r — > 0. In terms of these two functions the kernel of 
i?+ (0) in L2((0,oo),(ir) is 

<(0)(ri,r2) = ifri < r2 or = -^^^^ifn > r2, 

with l^(r) = [<P{'),4'{')]{''^) — c/t for some c 7^ 0. We have gir{r) = 

= c-V(r) / 0(s)(S*^)i,(s)sds + c-V(r) / ^{s){B''g)ir{s)sds. 

Jo Jr 
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Then for r > ro, l^irl'^)! < 



|c-V(r)| / m){B''g)ir{t)\tdt+\c-^(j>{r)\ / m){B''g)ir{t)\tdt 

Jo Jr 

^ ||l0g(a;)||L2,-.(K2)||S*^||£,2,a(R2) +fog(2 + r)||B*5^||l,2.s({^£]R2.|^|>^}) = 0(1). 

Then we conclude that we have a nonzero g G Hi'^^{M.'^) r\L°°{M?) such that H^g = 
ujg. But this is contrary to the nonresonance hypothesis. 

Analogous to Lemma 5.4 is: 

Lemma 5.6. Fix an exponentially decreasing bounded function i/j. For z G C_|_ the 
function BRH*{z)tp extends into a function BR^,{z)%l) for z G C+\a"d(i7t^) with 
the following properties: 

(1) For any ao > there exists Cq > such that BR^^ {z)il} G L°°(Xo(,, S(L^, L^)) 

where = C+ n : dist(z, ad(H^)) > ao}. 

(2) For any no G N there exists sq > such that for any ao > there is a choice of 
C > such that for n < no and V ^ G Xa^ n {z : dist{z, ±u>) > ao}, 



BR+. {z)ii; : L^R") ^ L^iR") 



dz 

(3) There is a constant C > such that 



J \\BRH*{X + ie)u\\ldX<C\\u\\l for all u e Ll{H*) and e 0. 

(4) Analogous statements hold for z G C_ and the function {z). 

From §2 [Ka] we conclude: 

Lemma 5.7. There are isomorphisms W:L^ Ll{H^) and Z:Ll[Hi^) — L^, 
inverses of each other, defined as follows: for u G LF' , v G Ll{H*), 



{Wu,v) ^ {u,v) + lim / {ARh {X + ie)u,BRH*{X + ie)v)d\; 

for u G Ll{H^), V G L^, 

1 /'+°° 

{Zu,v) — {u,v) + lim / {ARh (X + ie)u,BRH (X + ie)v)dX. 

e^0+ 27rz 



-oo 
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We have H^W = WHq and H^Z = ZH^, e^^^^W = and e»*^«Z = 

Ze'^*^'^ Pc{H^). The operators W and Z depend continuously on A and B* and 
can be expressed as 

Wu= lim e^*^'^e~^^^''u for any u e L'^ 
Zu = lim e'^^-'e-'^^- for any u e L^iH^). 

t— >+oo 



In particular we remark: 
Lemma 5.8. We have for C{u!) upper semicontinuous in u> and 

||e-'*^-5r||2 < C(a;)||^||2 for any g e LI{H^). 

Having proved that e~'^^^'^ Pc{H^) are bounded in L^, we want to relate Hf^ 
to Hq = asi-A + Lv) . Write H = Hq + V^, = B* A. We have aiHo = 
— ifoci, (TiHi_j = —Hi^ai. We choose the factorization of so that aiB* = B*ai, 
aiA = —Aai. By these equalities aiRnoi^) — —Rho{—z)(7i and (7iRh^{z) = 
—RH^{—z)ai. We have the following result about existence and completeness of 
wave operators: 

Lemma 5.9. The following limits are well defined: 

(1) Wu= lim e'^^^e-'*^°u for any u e L'^ 

t — >+oo 

(2) Zu^ lim e'^^°e-'^"-foranyueLl(Hj. 

t—^+00 

W{L'^) = L'^{Hi_j) is an isomorphism with inverse Z. 

Proof. The existence of Pc{Hio) follows from Cook's method and Lemma 5.8. 
By an elementary argument Wu G L^^H^S) for any u G L^, so = Pc{HiS) o W . 
We have W = WoWi with 

Wiu = lim e'*^''e-'^"°u for any u G L'^{M.'^) 

Wu = lim ^iiH^uj^-itHq £qj. g^j^y ^ g 

By standard theory Wi is an isometric isomorphism of V^iM?) into itself with inverse 
Ziu = limt^+oo e^^^oe"**^^^ and by Lemma 5.7 W is an isomorphism L^(M^) — > 
Ll{H^) with inverse Z. Then by product rule the limit in (2) exists and we have 
Z = Z\o Z with Z the inverse of W . 
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Lemma 5.10. For u e L^'*(]R^) with s > 1/2 we have 

^TTZ J\x\>ui 

Proof. Wu G L'^(M?) by Lemma 5.9, but the above formula is meaningful in the 
larger space L^'~'^(]R^). For v G L^''^(]R^) fl Ll{H*) and for {u, v)2 = Jt^2U- vdx the 
standard pairing, we have by Plancherel 

I' + OO 

{Wu,v)2 = {u,v)2+ \un / {V^e-'^^'-''u,e-'^*-'-''v)2dt 
1 /•+°° 

= v) + lim — / (A-Rijo (A + ie)u, BRh* (A + ie)v)2dX. 
e^0+ 27r 

By the orthogonality in L^(M) of boundary values of Hardy functions in H'^{C+) 
and in i?^(C_) we have for e > 

/ + CX) 
{ARho (A + ie)u, BRh* (A + ie)v)2dX = 
-oo 

/ + 00 
{A [Rho (A + ie) - Rho (A - ie)] u, BRh* (A + ie)v)2dX. 
-oo 

By M G L2'*(R2) and v G L2'*(R2) n ^^(iy;) the limit in the right hand side for 
e \ exists and we have 

{Wu,v)2 = {u,v)2 + 

— / {A [Rho (A + iO) - Rho (A - iO)] u, BRh* (A + iO)v)2dX = 
{u,v)2 + ^ [ {A[RHo{X + iO)-RHo{^-iO)]u,BRH*{X + iO)v)2dX. 

7|A|>a; 

This yields Lemma 5.10. The crucial part of our linear theory is the proof of the 
following analogue of [Y] : 

Lemma 5.11. For any p G (1, oo) the restrictions ofW and Z to L"^ H extend 
into operators such that for C{u>) < oo semicontinuous in u) 

I|W^I|lp(K2),l?(H„) + \\Z\\l%{H^),Lv{E?) < C{u). 

In the next two sections we will consider W only, since the proof for Z is similar. 
The argument in the following two sections is a transposition of [Y]. We consider 
diagonal matrices 

= diag(l, 0) and = diag(0, 1). 
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Keeping in mind Lemma 5.10, aiR{z) = —R{—z)ai for R{z) equal to Rh^{z) or 
to Rh^^{z) and aiLl{H^) = Ll{H^), it is easy to conclude that the boundness 
of W is equivalent to boundness of 

Uu := / RhJX)V^ [R+^{X) - Rh^{X)] udX 
= f RhJX)V^ [R+{X) - i?o-(A)] E+udX. 

As in [Y] we deal separately with high,treated in §6, and low energies, treated in 
§7. We introduce cut-off functions i)i{x) G C^(IR), and ^/'2(ic) e C°°(]R), with 
i/ji{x) + '02(a;) = 1, i^i{—x) — '4^i{x), '01 (^) — 1 ^or \x\ < C and '01 (x) = or 
\x\ > 2C for some C > to. 

§6 LP SOUNDNESS OF U : HIGH ENERGIES 

This part is almost the same of the corresponding part in [Y2]. For il>i{x) the 
cutoff function introduced after Lemma 5.11, iI)i{Hq) is a convolution operator with 
symbol ^/'id^P + oj). Both iI^i^Hq) and ';/'2(-f^o) ai'e bounded operators in L^iM?) 
for any p G [1, oo]. In order to estimate the high frequency part (the so called high 
energy) U'ip2{Ho), we expand R^^{X) into the sum of few terms of Born series 

^hJA) = i?^^(A) - R-^iX)V^R-^{X) + R-JX)V^R-^{X)V^RJ,JX), 
getting by Lemma 5.10 the decomposition U = Ui + U2 + U3 with 

Uiu = --^ / R]j^{X)V^R+{X - io)E+udX, 
U2U=^ [ Rh^{X)V^Rh^{X)V^R+{X - u;)E+udX, 

U3U = --^ / i?^^(A)K,i?^^(A)K,i?H (A - uj)E+udX. 

Lemma 6.1. The operator C/i'02(-f^o) is bounded in Lp(M^) for all 1 < p < 00. 
Specifically for any s > 1 there exists a constant Cs > so that for T = Ui'4>2{Hq) 

(1) ||T«||^, < Cs \\{xYV^\\^, \\u\\^, for all u G L^iM"). 

Proof. RecaU Ro{z) = {-A-z)'^ and R%^{z) = diag{R^{z - u), -R^{z + uj)). 
For u = {ui,U2), and for the Fourier transform, we are reduced to operators of 
schematic form J^{E±Uiu){^) = 

= [ dX [ ^^^^^^t2i(^-r7)5(A-(|e-r7p+a;))F(ry)dr7, 
Jx>Lj Jm^ l?r + <^ T A + zO 
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with V the Fourier transform of the generic component of V^. Then 

E±Uiu= I driV{ri)T^'uir, 
Jr2 



where wi^(x) = e'^'''wi(a;), = I^^oiv ^ + '^1 ' I) * ^^v [Yl] 



2\rj 



f 

Jo 



e'^^''^uir]{x + tr]/\r]\)dt. 



By [Y2] we have that T = E^Ui satisfies inequality (1) while for T — E-Ui we use 



1 

47r 



Ko(A/^+u;kl) 



I^iIIlp < C{r]) ^\\ui\\lp 



and so \\E-Uiu\\lp < ll^(^)/(^)l|Li||wi||Lf • 

Lemma 6.2. T/ie operator U2i1^2{Hq) is bounded in L^'(R^) for all 1 < p < oo, 
moreover, there exists a constant Cg > so that for T — C/2'02(-f^o) 



(1) 



\Tu\\l^ < Cs ||(a;)'K;||22 ll^ll^^ for all u e LP(R2). 



is valid, provided s > 1. 

Proof. By [Yl] and with the notation of Lemma 6.1 we are reduced to a combi- 
nation of operators 



I±,±u= dr}iT dr]2V{r}i)V{r}2-r}i)Tuirj^. 

Tf = I_ _u satisfies inequality (1) by Proposition 2.2 [Y2] . The other cases follow 
from Lemma 6.1. For example, for ^(771,772) = V{r]i)V{r]2 — r/i) and K{x,r}2) = 

\\I±,±u\\lp = \\ dr]2 dr]iK{r]i,r]2)T~T+uirj2\\LP 

<ds [ dV2\\{xrK{x,V2)\\Ll\\T+UrrjjLP 

<Cs [ dr72||(x)^K(x,r72)|U2(r72)-iwi||LPa||(x)^K,||i2||wi||^.. 
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Lemma 6.3. Set T = Uz'^2{Hq). Then T is hounded in LP{m?) for alll<p <oo. 
Proof. Schematically 

E+UsMHoh = [ RQ{k^)VF{k^ + oj)V (/c^) - i?o (^^)] + u;)uikdk, 

Jk>0 

with F{k'^ -\- oj) = R]j^{k)V R~ (k) and V the generic component of K;. By (3) 
Lemma 5.4 for G^y(x) = e'^^^^y^G^ix -y,k) with G^{x,k) = ±{H^{k\x\) we have 
the following analogue of inequality (3.5) [Y2] 



(1) 



di{F{k' + u)VG%y,VGl^) 



< 



3 

oo 



and by Proposition 3.1 [Y2] this yields the desired result for T = E+UsiP2{Hq). 
Since (1) continues to hold if we replace G~l ^ with e~*^l^lGA;,x with Gk,xiy) = 
G{x — y,k), where G{x,k) = Ko{y/k'^ + (jj\x\), we get also the desired result for 
T = E_U3i;2{Ho). 



^7 LP BOUNDNESS OF U: LOW ENERGIES 



Set 



Tu := / {X)V^ [R^{X - a;) - i?o (A - a;)] i(;i{X)E+udX. 

We want to prove: 

Lemma 7.1. For any p G (1, oo) the restriction of T on fl extends into an 
operator such that ||T'||/,p(r2)^^p(-r2) < C{u}) for C{u}) < oo semicontinuous in u). 

Let V^ = V = {Vi, : £,i = 1,2}, W = {W^, : IJ = 1,2} with W^2 = W21 = 0, 
W22 = 1 and Wii{x) = 1 for ^11(0;) > and Wii{x) = -1 for Vii{x) < 0. 
Set B* = (x)-^ for some large TV > 0, and A = {Aij : £J = 1,2} with Aii{x) = 
\Vii{x)\, Ai2(x) = Wii{x)Vi2{x) and A2j{x) = V2jix). Then VV^ = 1, B*WA = V. 
Let A; > be such that fc^ = A - w and set M{k) + AR~^{X)B*. Then 



^^.(A) = i?^^(A) - R],^iX)B*M-'ik)AR],^iX). 

WehaveM(/c) = W + 0' {k)P + AGqB* + 0{P log k) where: c-{k) = a" +6" log /c; 
P is a projection in defined by 



An 
A21 



(•,^n) . 
l^iilU^' 
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Go = diag (^--^log\x\*,-Ro{-2u)^ ; 

\\d^/dyO{k'^ log k)\\L2^L2 < Ck'^-^{\ogk) j = 0, 1,2, < A; < c. 

Let Q = 1 - P and let Mq^W + AGqB* . Then QMqQ is invertible in QL^ if and 
only if a; is not a resonance or an eigenvalue for and in that case M~^{k) = 

g-\k){P - PMoQDoQ - QDqQMqPMqQDqQ + QDqQ + Oik" Xogk)) 

with g{k) = c-\ogk + d' for c' ^ and Dq = {QMqQ)-^ by [JN]. We claim 
now that QDqQ — QWQ is a Hilbert-Schmidt operator. In fact, following the the 
argument in Lemma 3 [JY] , we get that the operator L = P + QMqQ is invertible 
in QL^, and Dq — QL~^Q. We have 

L = W+ [AGqB* + P + PMqP - PMqQ - QMqP]. 

SetJ. := W{1 + S), the operators P, PMoP, PMqQ, QMqP are of rank one while 
AGqB* is a Hilbert-Schmidt operator. From the fact that W is invertible, we get 
that also (1 + S) is invertible. Moreover the identity (1 + S)~^ = 1 — S{1 + S)~^ 
yields 

L-^ - W = -3(1 + S)-^W, 

that is the product of an Hilbert-Schmidt operator with one in i?(L^(M^), L^(M^)). 
Finally, an application of the Theorem VL22, Chapter VI, in [RS], shows that 
- is of Hilbert-Schmidt Type. 
So we are reduced to the following list of operators: 

T+u := / RQ{k'^)E+V^E+ [R^k^) - Rq {k'^)] ^i{X)ukdk, 
Jo 

and Tq defined as above but with replaced by RQ^—k^ — 2u))E- which 

are bounded in for 1 < p < cxd by Lemma 6.1; 

nOO 

T^u := / RQ{k^)E+N{k) [R'^{k^) - Pq (/c^)] tl^i{\)E+uk dk 
Jo 

with 

\\d^ /dk^N{k'^ log k)\\ L2, ^L^.s <Ck'^-^\ogk) j = 0,l,2, 0<k<c 
which is bounded in for 1 < p < oo by Proposition 4.1 [Y]; 

/•CXD 

T+u:= / RQ{k'^)E+B*{d{k)F + L + W)A[R+{k'^)-RQ{k'^)]iji{X)E+ukdk 
Jo 
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with F a rank 3 operator, L a Hilbert Schmidt operator in L^, and d{k) = g ^{k). 
There are also operators T~ , for j = 0, 1, 2, defined as above but with Rq {k'^)E+ 

replaced by Ro{-k^ - 2uj)E- and bounded in . So T:^ = T:t^^d{^r^) +T^^2 + T:t,z 
with T^- for j = 1,2,3 operators bounded in for 1 < p < cxo because of the 
following statement proved in [Y2] (the + case is exactly that in [Y2], and the — 
case can be proved following the same argument): 

if K is an operator with integral kernel K{x, y) such that for some s > 1 

\\K\\s:= I dy( [ dx{xf'\K{x,x-y)\A^ <oo 
then the operators 

/•OO 

Z+w:= / R-^{]?)K{Rl[}z^)-R-^{}?)\ukdk 
Jo 

poo 

Z-u:= / RQ{-k'^ + 2uj)K[R-^{k'^)-RQ{k'^)\ukdk 
Jo 

are bounded in for 1 < p < oo with || ^p^i,? < Cs,p||i^||s. 

§8 Proofs of Lemmas 3.2, 3.3 and 3.4 
We mimic Mizumachi [M2] . By the limiting absorption principle we have 

1 f°° 

Pe(a;)e-^*^-/ = — / e-''\X)Pe{u;)[R+jX) - i?^jA)]/dA. 

J —OO 

We consider a smooth function x(^) satisfying < x(^) < 1 for a; G M, x(^) = 1 if 
X >2 and x{^) = if a; < 1. Xm{x) is an even function satisfying Xm{x) — x{x~M) 
for X >0. Let Xm{x) = 1 — Xm{x). We have: 

Lemma 8.1. For any fixed s > 1 there exists a positive C{u3) upper semicontinuous 
in (jj, such that for any u e 5(R2) we have 

First, we prove Lemma 3.2 assuming Lemma 8.1. 
Proof of Lemma 3.2. We split 

Pe(a;)e-'*^-/ = Pc{uj)e-''''-XM{H^)f + PMe-''''-XM{H^)f 



with 



1 /""^ 

P,{uj)xM{H^)e-''''- f = — y_^e-*^XM(A)(i?+JA) -i?^JA))Pe(a;)/cZA, 

1 

Pe(a;)e-^*^-XM(i/.)/ = ^ j_j-^''xM{X){R+JX)-RJ,jX))Pe{u;)fdX. 



-OO 
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Integrating by parts, in for any t ^ and f E Sg^ 

P,(a;)e-*^-/= |^ dAe-^*^aiPe(a;){(i?+ JA) - i?^jA))xM(A)}/. 

Since by (3) Lemma 5.4 for high energies we have 

the above integral absolutely converges in {x)~^^'^^'>/'^~^L'^ for j > 2. Let g{t,x) G 
S{M xM?). By Fubini and integration by parts, j > 2, 

= J_ f dtiit)-^ I dAe-^*^ai(xM(A)(i?+JA)-i?^jA))/,^> 
=-i. / rfA/ai{xM(A)(i?+jA)-i?^jA))}Pe(a;)/, / dt{-it)-ig{t)e' 
=-L: / rfA(xM(A)(i?+JA)-i2^JA))Pe(a;)/J(A)) . 



Hence, by Fubini and Plancherel, we have 
|(XM(iyc.)e-'*^-Pc(a;)/,^)t,.| < 

In a similar way we have 

<{^'n)-^l\\XM{ii.){R^HS>^)-RuSm\^^^^^^ 
therefore we achieve 

|(e-**^-Pe(a;)/,^)Ml< 

< (27r)-V2(||;^^(A)(i?^jA + zO) - i?^jA - zO))/||^. (^^(^^)^^.,-.) 

+ IIXM(A)(i?+JA) -i?^JA))/||^2(^^(^^).^2,-.)||(7||^2^2,.. 

and by Lemma 8.1 this estimate yields Lemma 3.2. 
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Proof of Lemma 3.3 By Plancherel's identity and Holder inequalities we have 

Jo " * 



T 2 



By Lemma 5.4 sup;,>^ ||i^+^(A)Pc(<^)||B(L2.^L2,-.) < (A)~^/^, and so 

sup ||i?i^(A)Pc(a;)||B(^2,.^^2,-.) 11^11^2,3^2 < C||^||^2,.^2. 

The above inequalities yields Lemma 3.3. 

Proof of Lemma 3.4 Let {q, r) be admissible and let T be an operator defined by 



Tg{t) = [ dse-'^*-'^''-P,{uj)g{s). 



Using Lemmas 3.2 and 3.3 we get / := J^dse'^^^'^ Pc{u>)g{s) e L^(M) and that there 
exists a C > such that 



(1) 



\\T9mL?Lz<C\\gh2^Ll' 



for every e S'(]R x M^). Since > 2, it follows from Lemma 3.1 in [SmS] (see also 
[Bq]) and (1) that 



[ dse-'^*-'^^- Pc{oj)g{s) 

J s<t 



This yields Lemma 3.4 . 

To prove Lemma 8.1 observe that it is not restrictive to prove 

(8-1) ll^l(A)/L2((,,^)^^2,-.^<C||/|U2. 

Following the argument in §4 [M2] we need the following: 

Lemma 8.2. There exists a positive constant C such that for s > 1 
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Proof. E+R%^(X)f = R^{X- u})E+f and by Lemma 4.2 [M2] we get 
(1) ||i?o^(A)£;+/||^2,-,^. < Csup ||i?o±(A)£;+/|U2(o,oo) < C\\E+fU^. 

X 

We have E_R%^{X)f = -Ro{-uj - X)E_f = -^£±^R+{X- u;)E_f. So by (1) 



-A+UJ + X L-((a;,oo),B(LS■-^iS■-^)) 
X ||i?o^(A)E_/||^.,-.^.(o,oo) < Cl||i?o^(A)S-/|U.,-.^.(o,oo) < CiC||E_/|U.. 

Proof of inequality (8.1). We consider the operator hq = —A + q{x) introduced 
in §5 and Hg — a^{hq + u)). We claim that 

(1) ll<(A)/IL.((.,oo),L^.-«)<C||/|U- 

Indeed E+R%^{X)f = (A - u)E+f and ||<(A)£;+/||^.(o,oo),l^'-«) < C||/IU^ 
by Lemma 4.1 [M2]. On the other hand E_R%^{X)f = 

= -Rh^ (-A - u;)E_f = -i?o(-A - a;)^_/ + Ro{-X - u)qRh^{-X - uj)E_f. 
The bound for the first term comes from Lemma 8.2 and 

||i?o(-A - u:)qRH,{-X - a;)E_/||^..-.^. < ||i?o(-A - u)qRn,{-X - u:)E_f\\,^^,^.^ 
<\\qRnS-^-^)E-f\\L^Li<C\\E.f\\Li. 

Armed with inequahty (1) we consider the identity 

^KA) = (1 + i?S,(A)(K; - a^q))-'R%^{X) = 
= RhS^) - <(A)(K. - asq){l + <(A)(K. - asq))-'R%^{X). 

By (1) it is enough to bound the last term in the last sum. This is bounded by 



ll^^,(A)(K. - ^39)(1 + i?^,(A)(K. - <r3q))-'R%^iX)f\\^,^.,-s < 

ll<(A)(K. - <Tsq){l + <(A)(K. - <ysq))-'h^BiLi-%Ll^-^)\\R%S>^)f\\LlLl^ 

< ||/||l2 by (1) and by the fact that the above L^(a;,oo) norms are bounded by 
Lemmas 5.1 and 5.4. 
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§9 Proof of Lemma 4.7 

The proof is standard and analogous to Lemma 5.8 [Cu2]. Recall: 

Lemma 4.7. We have for (p{x) and ip{t, x) Schwarz functions, for t G [0, oo) and 
for fixed s > 1 sufficiently large 



Jo 



2r2, 



<C{A,u)\\ip{t,x)\\^2Li. 



with C(A,a;) upper semicontinuous in u> and in A > u>. 

Proof. We consider uj < aj < a << A < b < oo and the partition of unity 
^ = 9 + 9 with g e Co°(M) with = 1 in [a, b] and = in [a/2, 2b]. By Lemma 
3.2 we get 



RtS^)PM9{HM\LlLl'-^ < Ciu;)\\R+JA)P,iu;)9iHM\Ll 
< C(a;)co(a,6,a;)||<^||£,2. 

Similarly by the proof of Lemma 3.3, for any s > 1 



I / e-'^'-'^''-R+JA)P,{u;)g{H^Ms,-)ds\ 
Jo 

< \\RtAmtA^)9{H.)Pc{oj)X[o,+oc) *A ^(A,x)||^2.-.^. < 

Rr^ WRr^ {A)g{H^)Pc{uj) II Ll'^^Ll'-^ \\X[o,+oo) *\ ^(A, x) \\ ^2 



r 2 



< C{s,a, 6,a;)||^||^2.a_j^2 



by (A - A)R+JX)R+^{A) = RhJX) - i?i^(A), Lemma 5.4 and |A - A| > a A 6. 
We consider now 



(9.1,) 



{x)-''giH^)e-'''-'RH^{A + ie)P,{H^){y)-'' = 

/+00 
e-'^''--'^-''>g{H^)P,{H^)ds{y)-\ 



We claim the following: 

Lemma 9.1. There are functions u{x,^) defined for a; G and for |^| G [a/2, 26] 
with values in such that for any x £ C'Q°(a/2, 26) we have (for ^ua^f the product 
row column and *u the transpose of a column vector) 
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(9.2) x{H^)f{x) = (27r)-2 / u{x, OHv, 0^3/(y)x(|e|' + io)d^dy. 
There are constants Ca/s such that 

(9.3) \d^d^u{x,^)\ < Cap{x)\^^ for all xeR'^ and \^\ e [a/2,26]. 

Let us assume Lemma 9.1. Then we can write the kernel of operator (9.1) as 
{x)-'^g{H^)e-'"-^*RH^{A + ie){y)-'^ = (constant )x 

^^■^^ {x)-'' [ u{x,Oe-^^^-^^"+^^-^-^^^^g{e+^Yu{y,m{y)~^- 

Estimates (9.3) and elementary integration by parts yields 

1(9.4)1 < c(a;)-^+'^(y)-^+''s-^e-^* and so|(9.1)o+| < c(x)-^+''(y)-^+''(t)-^+^ 
For 7 > r + 1 and r > 3, we obtain 

l|e-'''-*i?ijA)^(iya;)Pc(iya.)¥'llLf((0,oo),L^.-.) < ^^ll^(^) II L^-. • 

Similarly 

II f\-i(t-s)H^ ^A)P,{u;)g{H^Ms,-)ds\ 
Jo 

< f {t-s)-^ip{s,-)ds\\^2,. 
Jo 

We need now to prove Lemma 9.1. 



< C'll^llLjL^^ 



T 2 



§10 Proof of Lemma 9.1 

First of all we explain how to define the u{x,^). We set V^^ = B*A with A{x) 
and B*{x) rapidly decreasing and continuous. Then we have 

Lemma 10.1. For any X > oj and any ^ e with A = a; + in L^(R^) the 
system 

(1) {l + AR+^{X)B*)u = Ae-'^-''~ei 

admits exactly one solution u{x,^) G such that for any [a, 6] C (l,oo) \ o-p{H) 
there is a fixed C < oo such that for any A e [a, b] and any ^ as above we have 

(2) \\ui;0\\H-<C. 
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Proof. AR+^{X)B* is compact and ker {l + AR+^{X) B*) = {0} for A > a; by 

[CPV], since in that case A ^ ap{H^). By Fredholm alternative we get existence 
and uniqueness of u{x,^). Regularity theory and continuity of the coefficients of 
system (1) with respect to ^ yield (2) 

Let now *ei = (1,0) and Go{\x\,k) = diag(iH+(k\x\),-^Ko(Vl^l^\x\)) for 
k>0. WehaveGo(r,k) = -^fi=e^^'- ex^Oir'^ and a^Gofr, /c) = -A;-^e^'=^ei + 
0(r~2). We set 

u{x,0 = e-'^--ex+v{x,0 = e-^^^ei - R+^{X)B*u{;0- 

Then {H^-X)u{x,0 = B* (Ae-^^'^ei -u-AR]j^{\)B*u) = 0. Notice B*u = V^u 
so v{x,^) = e~'^^'^w{x,^) where w{x,^) is the unique solution in L'^g, s > 1, of the 
integral equation 



(1) w{x 



with 



C)^-F{x,0- I Go{\x-z\,\^\)e'^--'>^V^{z)w{z,^)dz 
F{x,^)= I Go{\x-zU^\)VMe'^''~'^-^exdz. 



It is elementary to show that, for |^| G [a, 6], then ^)| < CQ,^(a;)l^l 

By standard arguments and Lemmas 5.3 and 5.4 we have \d'^d^w{x, ^)| < Cq,/3(x)I^I. 
This yields (9.3). To get (9.2) we follow the presentation in Chapter 9 [Ta]. We 
denote by R%^ (a^, y, k) the kernel of R%^ {k"^ + t<;). We set 

RnS^^y^ ^) = Gq{\x -ylk) + h{x,y, k) 

with h{-,y,k) = — i?^^(A;^ + a;)K^Go(| • —y\ik). Let (r, S) be polar coordinates on 
the sphere S^, then we claim: 

Lemma 10.2. Let k > 0. For r — > oo w;e have uniform convergence on compact 
sets of, with u ■ (1, 0) the raw column product between column u and raw (1, 0), 

(1) R+ (x, rS, k) = ^^^ e'^^uix, kE) ■ (1, 0) + 0{r-^) 

4v iirkr 

(2) ^i?+Jx,rS,A;) = --^=ke'^-u{x,ki:) ■ (1,0) + ©(r'^). 



(3) i?+JrS,y,/c) = -^e^^'- 

Ay/iTTkr 
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J 'u{y,kJ:)a3 + 0{r-^). 



For Rjj^ (ic, J/, k) the asymptotic expansion follows from Rjj^ {x,y,k) = {x,y,k). 
We write R^^ ^) — Go{\x — rT,\, k) + h{x, rT,, k) with 

h{x,rT.,k) = -R-^j^ik^ + uj)V^Gq{\ ■ -rT.\,k) 

( iV2 



= -R^,,{k'+u;) 



V^x) I _^e^'=-e-^'=^-Miag(l,0) + C»(r-^) 



We have 



||F,(x)Go(|a; - rS|, /c) - y,(x)^^e^'=-e-^'^^-Miag(l, 0)11^.. = 0(r^^^^ 

Ayi-Kkr 

From v{x,C) = -^Ho(^^ + ^^^^ = (I'O) ^(a^,C)*ei = 

-R'jj^{k'^ +a;)K;(a;)e~*'^^'^diag(l, 0). Then we conclude for any s > 1 

\\h{x,r^,k) - -^^^=v{x,k^Yei\\L^:-s = 0{r-^/^) 

and 

\\R+ {x,rJ:,k) ^^Lw(a;,/cS)*ei||L2.-« = 0{r-^/^). 

Ayiirkr 

Then point wise h{x, rE, k + iO) - ■^^=v{x, /cS)*ei = 0(r~^/^) and 

R+Jx,rE,k) - ^^«(x,A;E)^ei = 0{r-'/^). 

This yields (1) in Lemma 10.2. (2) can be obtained with a similar argument. (3) 
and (4) follow from (1) and (2) by 

a3R%Jx,y,k)a3 = R%,{x,y, k) = *RH^{y,x,k). 

By Lemma 3.5 for v e L?{H^^)nCQ^ and for (f e Cq°(R) supported in (a;, oo) we 
have 

2 f°° f 

(p{H^j)v{x) = - / kdk (p(k^ + uj)QR'jj (x,y,k)v{y)dy. 
TT Jo Jr2 

We prove (here w *It is a raw column product between column u and raw ^u) 

(3) ^R'^ {x,y,k) = ^ I u{x,kT,)^u{y,kT,)a3dT,, 
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where dTi is the standard measure on S^. By the Green theorem for Sji = {z 

\z\ = R}, \x\ < R, \y\ < R and r = \z\ 

By Green theorem for Sn = {z & : \z\ = R}, \x\ < R and \y\ < R, 

Jsr 

I{x,y,z,k) := R'^^{x, z, k)a3d\^\R]j^{z,y, k) - {d\^\R^^{x, z,k))a3R]j^{z,y, k) 
By Lemma 10.2 

'^R'Ij {x,y,k) — -^ / u{x,kT,)*u{y,kT,)a3d'E 

= ^ [ I{x,y,rJ:,k)\r=RdJ:- ^ [ u{x,kJ:)'u{y,kJ:)a3dJ: <o(i?-i). 

2l J SI OTT J SI 

Therefore, taking R —>■ +00, we arrive at (3). Moreover, we obtain 

ip{H^j)v{x) ^ — I kdk I (p{k'^ + u;)'^G{x,y,k)v{y)dy = 
71" Jo Jr2 

i kdk / u{x,kT,)^u(y,kT,)asv{y)ifi{k'^ +u!)dT,dy = 
Jr'^ Js^ 



47r2 



(27r)-2 / u{x,0'u{y,0<73v{yM\^\^ + u;)d^dy, 



that is the integral representation (9.2). This completes the proof of Lemma 9.1. 
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